REPORT DOCUMENTAT'ON PAGE

Form Approved
OMB No. 0704-0188

Public reporting burden for this collectlon of mformamn _is estimated to average 1 hour per response, including the time for rewewmg instructions, searching existing data sources,
Send

g this burden estimate or any other aspect of this

the on of infor

n.

gathering and maintaining the dm _and g and ,, B f

ters Services, Directorate for lnformamn Operations and Reports, 1215 Jefferson

collection of information, incl sugg' for this
Davis Highway, Suite 1204, Arlington, VA 22202-4302 and to the Offlce of Management and Budget, Paperwork Reduction Project (0704-0188), Washington, DC 20503

1. AGENCY U{§E ONLY [Leave Dlank) | 2. REPORT DATE
30.Jul.03

3. REPORT TYPE AND DATES COVERED

DISSERTATION

4. TITLE AND SUBTITLE

RESOLUTION IV DESIGNS"

"THEORY AND CONSTRUCTION METHODS FOR LARGE REGULAR

5. FUNDING NUMBERS

6. AUTHOR(S)
MAJ BLOCK ROBERT M

7. PERFORMING ORGANIZATION NAME(S) AND ADDRESSI(ES)
UNIVERSITY OF TENNESSEE AT KNOXVILLE

8. PERFORMING ORGANIZATION
REPORT NUMBER

CI02-1012

9. SPONSORING/MONITORING AGENCY NAME(S) AND ADDRESS(ES)

THE DEPARTMENT OF THE AIR FORCE
AFIT/CIA, BLDG 125

2950 P STREET

WPAFB OH 45433

10. SPONSORING/MONITORING
AGENCY REPORT NUMBER

11. SUPPLEMENTARY NOTES

12a. DISTRIBUTION AVAILABILITY STATEMENT
Unlimited distribution
In Accordance With AFI 35-205/AFIT Sup 1

12b. DISTRIBUTION CODE

13. ABSTRACT (Maximum 200 words)

20050822 179

15. NUMBER OF PAGES

14. SUBJECT TERMS

OF REPORT OF THIS PAGE

17. SECURITY CLASSIFICATION | 18. SECURITY CLASSIFICATION [ 19. SECURITY CLASSIFICATION [20. CIMTTATION OF ABSTRACT

OF ABSTRACT

200

[16. PRICE CODE

(A e e Y N T LT T




Theory and Construction Methods for

Large Regular Resolution IV Designs

A Dissertation
Presented for the
Doctor of Philosophy
Degree

University of Tennessee, Knoxville

Robert M. Block

August 2003




Copyright © 2003 by Robert M. Block
All rights reserved

ii




Dedication

To my family, thank you for all the love and support.

1ii




Acknowledgements

I'wish to express my deepest gratitude and thanks to my advisor, Dr Robert Mee.
I have cherished the many hours spent in his office discussing not only designs of
experiments, but life's challenges as well. Without his help, this work would not have
been accomplished.

I'would also like to thank the other members of my dissertation committee. I
have enjoyed my hours in and out of the classroom with Dr Mary Leitnaker; who always
gave me good advice and lots of support. I want to thank Dr Ken Kirby for showing me
the connection between lean production and statistics and letting me seek his advice both

about statistics and help for practical matters as well. I would also like to thank Dr Bill

Parr for his help and work as a committee member.

iv



Abstract

We define 27 fractional factorial designs which use all of their degrees of
freedom to estimate main effects and two-factor interactions as second order saturated
(sos) designs. We prove that resolution IV sos designs project to every other resolution
IV design, and show the details of these projections for every n = 32 and n = 64 run
fraction. For k> (5/16)n, all resolution IV designs are a projection from the even sos
design at k= n/2. For k < (5/16)n the minimum aberration design resolution IV designs
are projections of sos designs with both even and odd words in the defining relation.
While even resolution IV designs are limited to estimating fewer than n/2 two-factor
interactions (in addition to the k main effects), resolution IV designs with odd-length
words in the defining relation may devote more than half of their degrees of freedom to
two-factor interactions. We propose a method to search for good resolution IV designs
using naive projections from even/odd sos designs. We introduce the alias length pattern
as a tool to help characterize designs. We describe how the matrix T = DD' for a design
D is useful in searching for designs. We list the resolution IV even/odd minimum
aberration designs for 7 = 128 and provide a catalog of the best resolution IV even/odd
designs for n = 128. These results are based on an isomorphic check using a convenient
function of 7, as well as the set of projections of a design. Finally, we suggest a new
method for finding good regular resolution IV designs for large n (> 128) and provide a
preliminary table of good resolution IV even/odd designs for n = 256.

Key words: alias length pattern, defining contrast subgroup, Hamming distance matrix,
isomorphism, minimum aberration, projection, regular designs, word length pattern.
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1. Introduction

Two-level fractional factorial designs are widely used to investigate the effect of
Jarge numbers of parameters for complex computer models. Each parameter is varied
over a high and low setting of possible operating conditions to build a model to help
explain the relationship of the parameters to the outcome of the computer model. A 2kr
fractional factorial design with k parameters or factors at two levels will consist of n =
2%P runs. This design is a 27th fraction of the 2F full factorial design where the fraction is
determined by p defining words. A "word" consists of "letters" which are the names of
the factors denoted by A, B, ... (or 1,2, ...,). The number of letters in a word is the word
length. The group formed by the p defining words and their generalized interactions is
called the defining contrast subgroup (Wu and Hamada 2000, p.157). The defining
contrast subgroup consists of 27 -1 words plus the identity column (commonly denoted as
I). The defining contrast subgroup can be used to study all the aliasing relations among
effects.

Every regular design can be categorized by the word length pattern of its defining
contrast subgroup. For a 2P design, let w; denote the number of words of length i in its
defining contrast subgroup. The vector wlp = (w1, ..., Wy) is called the word length
pattern of the design. The resolution of a 2P design is defined to be the smallest 7 such
that w, > 1. This means the length of the shortest word defines the resolution. Box and
Hunter (1961) proposed the maximum resolution criterion as a method to categorize and

compare designs. Later, Fries and Hunter (1980) introduced the minimum aberration

criteria. This criterion allows any two designs to be rank ordered according to their word




length patterns. This is the most common criterion used today to judge the goodness of

designs.
In addition to wlp, we introduce a new criterion based on the alias length pattern
to help find and characterize resolution IV designs. We define the alias length pattern as

the frequencies of the lengths of the alias sets for two-factor interactions:

alp=(a,,a,,.. .,a;) where a, is the number of clear two-factor interactions, a, is the

number of pairs of aliased two-factor interactions, etc., up to @, which is the number of

ax *

the largest set of / aliased two-factor interactions (l < [—’;J) , we define this value as L_

The alias length pattern (alp) also contains other important information:

i
e The number of degrees of freedom for two-factor interactions: Zai

i=1

e
 The number of length four words in the defining relation: w, = 2(1 ]a‘. /3.

i=2
All regular 2,7 designs of size n = 64 or less have been identified previously; see
Chen, Sun and Wu (CSW) (1993) and Sun (2001). However, for n = 128, all possible
resolution IV designs have not been identified. Butler (2003) provided theory for
constructing regular minimum aberration designs with » runs and 5n/16 < k < n factors.
We have identified all remaining minimum aberration designs for n = 128, that is, for
k <5nf16.

For cases with n = 128 or more, search algorithms are currently used to identify

attractive fractional factorial designs having the specified size and other characteristics.




For example, PROC FACTEX in SAS/QC® software (SAS Institute Inc., 1999) searches
for minimum aberration designs for any given k <2". However, due to the magnitude of
the computation for large 7 and certain values of k, exhaustive searches are not feasible
given current computing speeds. The FACTEX procedure returns the best design it finds
in the allotted search time. It does not necessarily find the minimum aberration design.
This paper will propose an alternative search method for tabulating good designs forn=
256 and larger.

It is well known that, for k <n/2 factors and n =8, 16, 24, 32, ..., there exist
resolution IV designs. When k = n/2, the design is known as a minimal design of
resolution IV (Montgomery 2001, p. 347). These minimal designs may be obtained by
foldover of a saturated orthogonal main effects design of size n/2. For any n=2" (with

r>3), a regular minimal design may be constructed by using all the odd interactions of

the r basic columns as generators. For example, for » = 5, the 11 generators for the 2"

: 5 . . . : .
design are the (3) =10 three-factor interactions and the single five-factor interaction.

Alternatively one may arrange the n — 1 columns of a saturated main effects design in
Yates order (e.g., see Appendix A), and:

o select every other column starting with the first or

¢ select the last 7/2 columns.
Li and Mee (2002) present an alternative set of n/2 columns to create this minimal design.

For the remainder of this article, we restrict our attention to regular resolution IV designs.

® SAS and all other SAS Institute Inc. product or service names are registered trademarks or trademarks of
SAS Institute Inc. in the USA and other countries.




The minimal 2},7 designs are even designs, in that every word in the defining
relation is of even length. Li and Mee (2002) showed that every 2%,7 design with
5n/16 < k <n/2 must be an even design. Even designs:

o alias even effects with other even effects, and odd effects with odd.

o allocate n/2 degrees of freedom to odd effects, and n/2 — 1 degrees of freedom to even
effects

* provide at most n/2 — 1 degrees of freedom for estimating two-factor interactions, and
at least n/2 - k degrees of freedom for three-factor or higher-order interactions.

11-6

For instance, the minimum aberration 2}, design - an even design — permits estimation

of 11 main effects, 15 two-factor interactions, while leaving five degrees of freedom for
aliased three-factor interactions.
By contrast, 2577 designs with half of the words in the defining relation with odd

length may provide more than n/2 — 1 degrees of freedom for two-factor interactions. For

instance, the minimum aberration 2,5 design supports estimation of all 10 main effects

and 21 two-factor interactions. Because of this greater capacity for estimating two-factor
interactions, this work will foéus on the construction of even/odd 25,” designs. While
such designs do not exist for n = 16 and are rather rare for n = 32, even/odd designs are
common for larger n if k <5n/16.

One of the challenging aspects of searching for new designs is determining when
two designs are equivalent or isomorphic. (Two designs are isomorphic if the defining

relation of one can be mapped into the defining relation of the other through a relabeling




of the factors and level exchanges.) Draper and Mitchell (1967, 1968, 1970) wrote a
series of three articles which used an algorithm to determine isomorphic designs. Their
original method, called "sequential conjecture” (1967) found a relabeling map for
isomorphic designs. They noted in their next paper (1968) that word length pattern did
not uniquely identify designs but it provided an alternative to their permutation
subroutine (sequential conjecture procedure) for testing isomorphic designs when the
time required to conduct the isomorphic checks become prohibitive. The trade-off of
using word length pattern is that the designs found may not be a complete set. Draper
and Mitchell (1970) introduced the "letter pattern comparison” (now commonly known as
the letter pattern matrix) as a way to identify designs instead of the computationally
burdensome sequential conjecture procedure. They make the conjecture that the letter
pattern matrix approach uniquely determines designs. Chen and Lin (1991) provide a
counter-example to this conjecture. Additional counter-examples appear later in section
11 in this dissertation.

Chen, Sun, and Wu (1993) developed an algorithm for constructing regular
fractional factorial designs that required a complete mapping for each design that shared
word length pattern. This method insured that no non-isomorphic designs were lost, but
became computationally infeasible for n = 128 or larger.

Sun, Li, and Ye (2002) proposed a sequential method for constructing non-
isomorphic orthogonal designs and an algorithm for detecting isomorphic designs for
both regular and non-regular designs. Their algorithm is based on the concept of minimal
column base. A column base is a subset of columns of a design, such that no two rows

are identical to each other. A minimal column base is the smallest possible number of

5




columns for a given design. Sun, Li, and Ye check the mapping for the minimal column
bases for two designs with the same word length pattern. They repeat this until an
isomorphic mapping is found or all the possible minimal bases for the two designs have
been checked. See Sun, Li, and Ye (2002) for details. This method is successful for both
regular and non-regular designs and especially useful for designs with small .

In the following section, we focus on the structure of even/odd resolution IV
designs of size 32 and 64. We use these known cases to introduce some definitions and
indicate the structure one could exploit in the larger cases where all designs are not

known.




2. Resolution IV Designs of Size 32 and 64

Only five even/odd 2},” designs of size 32 exist; refer to Table 2.1. For

convenience, we use Chen, Sun, and Wu's method of labeling designs where 10-5.1
designates the first (best) 32 run design with ten factors and five generators. Two of
these designs (10-5.1 and 9-4.2) utilize all 31 degrees of freedom for estimating main

effects and two-factor interactions. We will refer to any 27 design (both even and

even/odd designs) that uses all of its degrees of freedom for estimating main effects and
two-factor interactions as a second order saturated (sos) design. Each of the non-sos
designs is a projection of at least one of these sos designs. For instance, delete any
column from 10-5.1 and one obtains design 9-4.1.

Theorem 2.1: Every 2%P non-sos resolution IV design is the projection of at least
one sos resolution IV parent design.

Suppose there exists a 2*%°? non-sos design. A non-sos design is defined as a

design that does not utilize all 2¥7 _ 1 degrees of freedom for estimating main effects and

two-factor interactions.

Table 2.1: Even-Odd Resolution IV Designs of Size 32

Design Generators df wlp alp E/O Projections
10-5.1 7,11, 19, 29, 30 31 10,16,0,0,5 0,20,0,0,1 9-4.1

9-4.1 7,11,29,30 30 6,8,0,0,1 8,12,0,1 8-3.1

9-4.2 7,11,13,30 31 7,7,0,0,0,1 15,07 8-3.1

8-3.1 7,11,29 29 34 13,6,1 7-2.1

7-2.1 7,27 25 1,2 15,3




A non-sos design therefore has "available columns" for the unused degrees of freedom.
An available column is any column that is not aliased with a main effect or two-factor
interaction.

Suppose we add a new factor to our design, with an available column as its
generator. The new factor "z" multiplied by its generator will appear as an additional
word in the defining contrast subgroup. The new word is necessarily of length four or
more and the resulting design with & + 1 factors must be resolution IV for the reason
given below.

Suppose it is not resolution IV; then this would mean there is a word in the
defining contrast subgroup of length three or less. This implies that a new word contains
z (since z appears in all the new words) plus two or fewer other letters. This implies that
z is aliased with either a main effect or two-factor interaction, which contradicts the fact
that the generator was an "available column". Therefore the resulting k + 1 factor design
must be resolution IV.

Now this k + 1 factor resolution IV design is either a second order saturated
design with no more available columns, or a non-sos design with an available column. If

not sos, the process can be repeated until the design becomes a second order saturated
design. Therefore, all non-sos 2,7 designs have at least one resolution IV SOs parent.

Corollary 2.1: All non-sos even/odd resolution IV designs are the projection of an
even/odd resolution IV sos design.

Even/odd designs may project to either an even design or an even/odd design

while even designs only project to other even designs (see Figure 2.1).




Even Designs

Even/Odd Designs

s0se k=1n/2

¥ ¥ ¥\

‘/
k/
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¥
* *K% SOSelo k= ...
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Figure 2.1: Schematic of Projections

Lemma 2.1: If the delete-one-column projections of an even/odd resolution IV

design include multiple even designs, the even designs must be isomorphic.

We know that an even design will have all even length words in the defining

relation while an even/odd design has 27~ odd-length words and 27~ —1 even-length

words. If an even/odd design projects to an even design, then all the odd length words

have been removed. Note that the projected even design may be written as a

k-1 -1) .
-D~(p- .

so half of the words in the defining relation have been removed. Therefore all the odd

length words must contain the deleted column. Any other even projection must be

isomorphic.

Table 2.1 includes the generators, degrees of freedom (for main effects and two-

factor interactions), word length pattern (wlp) and the alias length pattern (alp) for each

of the 32-run even/odd designs. For example, design 9-4.1 has a; = 8 clear two-factor

interactions, a, = 12 pairs of aliased two-factor interactions, as= 1 set of four aliased two-

factor interactions, and 9 + 21 = 30 degrees of freedom for main effects and two-factor

interactions.




The catalog of designs in Appendix B shows all 148 even/odd 2%,7 designs of

size 64. Here we use our own notation to identify the designs since CSW ( 1993) did not
list all the n = 64 designs in their catalog and their ordering did not accord with any
obvious criteria. We rank the alternative 25,7 designs for a given k using the following
criterion:
1. Smaller wy
2. For designs with the same wy, smaller ws
3. For designs with the same (w4, ws), larger a,
To avoid confusion with the CSW numbering, we use the letters a, b, ... rather than
numerals to index the designs. Table B.1 does include a column identifying the CSW
number for those designs that are included in their 1993 catalog.
We make the following observations regarding the catalog in Appendix B. First,
there are only eight even/odd second order saturated resolution IV designs of size 64:
o 20-14.a
e 18-12.¢
e 17-11.bde.g,j
e 13-7b
Second, a non-sos design in Appendix B may be the projection of more than one sos
design. For instance, 16-10.b is the projection of either sos design 17-11.b or 17-11.d.
Note that each n =8, 16, 32, ... there is only one even resolution IV second-order

saturated (sos) design, the minimal design with k = n/2. Thus, the following results are

apparent:

10




e Forn =8 and 16, there exists only the unique even sos design with k = n/2.
e For n =32, there exist three sos designs, with k=9, 10, and 16.
e For n = 64, there exist nine sos designs, with k=13, 17, 18, 20, and 32.
The sos designs with the smallest k are of particular interest because these designs
provide the most degrees of freedom for two-factor interactions. We examine the 9-4.2
and 13-7.b designs now. Design 9-4.2 has w, =7, and these length-four words involve

only seven of the nine factors. Thus, all the interactions involving two factors are clear.
This design is structured as %[2};3 X 22] , where the one-half fraction of the product array

is obtained by dividing each smaller design into two blocks and then taking only two of

the four block combinations (see Figure 2.2 ) where the 2],° has generators 6 = 123, 7 =

124, 8 = 134. Note that the product array above is fractionated using I = +23459.
Design 13-7.b has similar structure: %[23;3 X 2?;2] , with each 16-run sub-design

divided into four blocks (see Figure 2.3). Butler (2002a) describes these types of designs

as joint designs; see also Miller (1997).

11




1=-59 (2 runs)

22

I =59 (2 runs)

2;;° with  I=-234 (8 runs)
1= 234 (8 runs)

8x2=16 runs

8x2=16 runs

Figure 2.2: Design Structure for 9-4.2

2> with 11 = 5610 and 13 = 5612

611 =+ 611 =+ 611 =— 611 =-
61013 =+ 61013 =— 61013 =+ 61013 =—
=+ | 4x4=16runs
203 with | 234=+
7=123, =+ 4x4 =16runs
8=124, 234 =~
9=134 == 4x4 =16runs
234 =+
= 4x4 =16runs
234 =~

Figure 2.3: Design Structure for 13-7.b
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3. Projection Design Search Method

The difficulty of finding minimum aberration designs (and other good designs)
increases dramatically as the size of the designs grows. As n becomes larger, it is no
longer feasible to conduct exhaustive searches. One option is to intelligently reduce the
number of designs that must be investigated. The value of sos designs is they represent a
small fraction of all possible resolution IV designs and project to all the remaining
possible resolution IV designs. Thus from these designs one can project to minimum
aberration and other good designs. If all the sos designs for a given 7 can be found and
identified, then we have the starting points for all resolution IV even or even/odd designs
for a given n.

Our first attempt to find minimum aberration and other good designs was to find
all the sos designs for a given run size n and then project from those designs to identify
the best designs. To accomplish this requires the ability to find sos designs, distinguish
non-isomorphic sos designs, and then to determine the best projections.

The first issue is feasible at n = 128. It appears to be possible to find the sos
designs at n = 128. Projections of these sos designs lead to weak minimum aberration
designs and careful evaluation of all sos designs would determine minimum aberration
for any k < 64 at n=128. There are 88 unique sos designs at n = 128. However to find
the minimum aberration design, one must evaluate all possible sequence of projections;
this combinatorial problem currently becomes computationally infeasible beyond ten or
more projections. Therefore the projection search method is limited in its usefulness for
conducting an exhaustive search; in addition, the number of sos designs explodes at
higher n. For instance, there are at least 34,015 (and possibly twice that many) sos
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designs at n =256 (see section 13). Thus we found it necessary to pursue alternative

methods.
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4. Detecting Isomorphic Designs

To successfully find minimum aberration designs requires a computationally fast and
efficient method to find and compare designs, as well as some ability to quickly identify
isomorphic designs.

When searching for designs, most of the time is spent evaluating isomorphic designs.
CSW (1993) were not able to distinguish all » = 128 designs beyond k = 11 because of
the time required to find a complete relabeling of columns for every isomorphic design
check. Atn= 128 with k=11 factors, there are 2,597 sets of four generators that
produce a resolution IV designs. Of these designs, there are only 92 non-isomorphic
designs. This is the last step CSW completed (Sun 2001). Consider at k =17 we have
found 14,438 unique resolution IV designs, and a total of 302,384 sets of ten generators
producing a resolution IV design. Thus, on average, there are more than 20 ways to
construct each unique design and the number of designs to compare is two orders of
magnitude greater.

Two fractional factorial designs are isomorphic (D, = D, ) if one design can be
obtained from the other design by relabeling the factors, reordering the runs, or switching
the levels of factors (Chen and Lin 1991). Clark and Dean (2001) present a necessary
and sufficient condition for two designs to be isomorphic based on a geometrical

representation of the designs. Let D represent an nxk design matrix with n runs, &

factors, and levels +1. Let T(D )= DD', which is related to the Hamming distance
matrix H, since T = kJ, —2H where J, is a k x k matrix of unit elements. Note that for

any design D, the (i, /)™ element of 7, denoted as T,(D), is equal to the inner product of
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the i and 7" rows of D. Clearly T, (D) =k for i = j. Other properties of T are discussed

in sections five and six. We now describe a result from Clark and Dean (2001) and

introduce more notation:

Clark and Dean's Corollary 2.2: Designs D, and D, are isomorphic if and only if
there exists an 7nxn permutation matrix R and a permutation {c,¢5,...,¢,} of
{1.2,...,k} such that, for g =1,2,....k: T(DM"*""y= RT(D!**"**')R" where
D™ denotes a g-factor subset of the full design including just the listed columns.

We will say that T(D,) is equivalent to T(D,) [denoted as T (D)) =T(D,)]if for
some permutation matrix R, T(D,) = RT(D,)R". Define D!* to represent the design
with only the ¢" column from D,. Similarly, D' is the design matrix with all the

columns of D, except for column g. Observe that T,(D'?') = (k —1) for i = j. Based on
Clark and Dean's Corollary, we have Lemma 4.1:
Lemmad.1: D, =D, ifand only if T(D,)=T(D,) and DI = D' for some integers

gandc,.

Note that by Clark and Dean's Corollary 2.2 D{¥! = D%’ if and only if there exists R

and {c,, --,c,_,} such that
T(D{"') = RT(D{)R', T(DF*) =RT(DFF# MR ... T(D™) = RT(DI*))R'. Then
D, =D, ifand only if T(D,) =T(D,) and D{? = D{**' for some integers g and c, .
Lemma4.2: {T(D'"),--,T(D*)} determines T(D).

We show this result for an arbitrary element T;(D). Suppose we have a design

D, with k factors and we know the T matrices for the k projections {T(D'"),--., T(D*')}
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T.(D)+k i
for D. Define r=i(—§)—_—. Then for 7 values of I =1,2,---,k, T,(D"") =T(D) -1,

and for k —r values of /, T}j(Dm) =T,(D)+1. There are two possibilities for T;(D):
The set {T,(D'™),---,T,(D*™)} will contain both 7,(D) — 1 and T,(D) + 1 values, in
which case they bound T;;(D); or the set will contain one constant value, in which case
T,(D)= T,(D") + 1if T,(D™) is positive, or T,(D") - 1if T,(D")is negative.
QED.

Lemma 4.2 states that the set of {T(D™),---,T(D®)} determines T(D). If we

are missing one of the projections from that set, we can still determine 7'(D).
Corollary 4.1: k- 1 members from {T(D™),---, T(D®)} determine T(D).

The proof is as follows: Suppose we have design D,, with k factors and we know
k — 1 of the members from {T(D™),---, T(D*)}. T,(D'™) will either increase or

T,(D)+k

decrease the value of T,(D) by one. Recall that r = and for r values of

= Iy = 0y =
1=12,,k, T,(D")=T;(D)-1, and for k—r values of I, T,(D") =T;(D)+1. If we
are missing one projection, we can still determine T;,(D). There are two possibilities for

T,(D): The set will contain both T,(D) - 1 and T;(D) + 1 values, in which case they
bound 7};(D); or the set will contain one constant value, in which case 7 (D)= Z}j(D{’_’)

+1if T,(D™) is positive, or T,(D™) — 1 if T,(D")is negative.
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Now we make two conjectures regarding isomorphism of two designs based on
isomorphism of their delete-one-factor projections. Let D; and D, be any regular 257

designs with no repeat rows (runs).

Conjecture 4.1: If D" = D' with i =1,2;--,k, where {c,,¢,5***,¢, } is any permutation

of the integers {1,2,---,k}, then D, = D,.

We know under the following conditions that the conjecture is true: Note that
T(D)+--+T(D) = (k~DT(D,) and T(D)+ -+ T(DF) = (k~1)T(D,).
Without loss of generality, assume the columns of D, are ordered such that

D" = D{" Vi. Then there exists an R, > T(D{") = RT(D{")R'. If R, = .- = R, =R
then T(D{") = RT(D{")R'Vi and 3 T(D{") = Y RT(D{")R'. Then
(k-DT(D,)=(k-1)T(D,). Thus T(D,)=T(D,)and .. D, = D,.

The key requirement of the conjecture is that {D{'} = {D{"} for i =1,---,k
implies T(D,) =T(D,). We know this requirement is not true in general. In fact, we
know that a non-simple design may share the same set of projections as a simple design,
but will have a different 7 matrix. For example consider the 2* full factorial design and
the replicated 23;' fractional factorial design. While they share the same projections,
they have different T matrices.

Define S < {1,2,---,k} with cardinality 5. If Conjecture 4.1 is true, then we
suppose that the following stronger conjecture may also be true.

Conjecture 4.2 If two designs D, and D,, have s projections in common, and these s
projections of D;, {D{" :i e S} determine T(D,), then D,=D,.

18




Assume we have two designs, D, and D,, with s projections in common,
D =D for i S. Ifthe s projections of D;, {D{" :ie S} determine T(D,), then

they also determine T(D,) and we suppose D, =D, .
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S. Advantages and Uses of the T Matrix

Hedayat, Sloane, and Stufken's definition 3.4 (1999) states that an orthogonal
array OA(N, £, 2, f) with levels from GF(2) is said to be linear if it is simple (runs are
distinct) and if, when considered as k-tuples from GF(2), its N runs form a vector space
over GF(2) (i.e., satisfy the condition that if R and R; are any two runs of the array then
every k-tuple ¢;R; + c;R; is also a run, for any choice of ¢, ¢; € GF(2)).

It is known that all two-level regular fractional factorial designs are OAN, k 2,9
with ¢ = (resolution — 1). All regular fractional factorial designs without repeat runs are
simple. Fractional factorial designs with a defining relation (regular design) are a
subclass of orthogonal arrays and are linear codes (Hedayat, Sloane, and Stufken p.276).
Therefore we can take the sum of any two rows from a regular fractional factorial design
and using modulus(2) arithmetic it will equal another row in the design. Note that the

element-wise product for two runs with levels +1is equivalent to modulus(2) arithmetic

for the same two runs with levels 0 and 1. Hence, for regular two level fractional
factorial design with levels of +1, any two rows multiplied element-wise will result in

another row of the design.

For example consider a 2, regular fractional factorial design where:

-1 -1 -1 -1 1
-1 -1 1 1 -1
-1 1 -1 1 1
D= -1 1 1 -1 -1
1 -1 -1 1 -1
I -1 1 -1 1

I 1 -1 -1 -1
1 1 1 1 1
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and the 7 matrix is:
51 1-1-1 1-1-3
-1 5 -1 1 1 -1 -3 -1
1 -1 5 -1 -1-3-1 1
T(D)=DD'= -1 1 -1 5 -3 -1 1 -1
11 -1 -3 5 -1 1-1
1 -1 -3-1-1 5 -1 1
-1 -3 -1 1 1 -1 5 -1
3 -1 1 -1 -1 1-1 5
Note that each column (and row) of T have the same distribution of values. For
instance, each column contains the values -3, -1, 1, and 5 with frequencies 1, 4, 2, and 1,
respectively.
Theorem 5.1: Any two-level regular factorial design D will have a constant column
distribution in T'(D).
We now show that the elements of ¢” are a permutation of the elements of tf for
arbitrary iand j from {1, ...,n}. Weknow that x,x; = x; for some / € {1,2,...,n}, where

xx; is defined as the element-wise product of the i and j* rows. Hence, x,x, = x T

x'x;

Now define #; =D-x; where x;' is the j™tow of D, andrewrite t7 =| : | usingthe

x,"(x;%;) (x;x,)'x;

specified i™ and /" rows above as ¢ = . From the definition of

x,'(x,x;) (x,%;)'x;

a group we know that any element from a group multiplied by the group results in the
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original group. Therefore this implies that the matrix =

elements of ¢”. Q.E.D.
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6. Functions of the 7 Matrix

We know from Theorem 5.1 that £, -+, t? are simply different permutations of

the same vector. Butler (2003) states that T,,(D) measures the confounding between the

i and j* rows. He defines g, =n2Y_ > T, (D) as the k" moment of the elements of
i1 2

the T matrix. Therefore, the moments z,, -+, 4, provide an overall measure of the
confounding between rows of the design (Butler 2003). By Theorem 5.1 we can use any
one column of the T matrix to calculate the moments of a regular design. When our use
of ¢” does not depend on the subscript i, we simply write ¢° to represent an arbitrary
column of T. We know from Butler (2003) that the design moments for D can be used

to compare and rank designs. The design moments method results in an identical ranking

of designs that results from using the word length pattern for designs (Butler 2003).

Since the word length pattern and moments of T are both functions of 7, it is possible

that ¢° might be more discriminating than the moments of a design or equivalently the

word length pattern. However; by Theorem 6.1, the frequencies of t° can be written as a

function of the moments, so #°is no more discriminating than is the word length pattern.
Let f,,..., f, represent the frequency of values for—k, (-k +2), ... ,k,

respectively, in £°.

Theorem 6.1: The frequencies fj,..., f; are a function of the moments z,---, 4 -

k .
We can write ny; =2(2i——k)’f,. for je{0,1,---,k}

i=0
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k k k
Note that: nuy =3 (2i~k)° ;=" f,=n. Define s1,'= Y i’f,/n and let
i=0 i=o i=0

Hy Ho
M=|: |and M =| : |. Notethat M = BM" where B is a lower triangular matrix

My A
with positive values on the diagonal since H =E [21' - k] "=2"E[i")-2""rkE[i" ]+ ...
=2"p'-2"" rky,  +.... We know that the determinant of a triangular matrix is equal to

the product of the elements along the diagonal (Eves, p123). Hence, M" = B™'M since

the matrix B is nonsingular and can be inverted.

Now write the moments of a design, s, -+, 4, , as a system of equations

Jo
nM’ =AF where F =] : and the coefficient matrix 4 is:
fk (k+1)x1
(11 1 1 1]

0 1 2% 3k... gt

(k+1)x (k+1)

[

The determinant of matrix 4 can be described as a Vandermonde determinant (Eves
p-127). From this literature, it is known that 4 is nonsingular (since the values of 4 are

integer and increasing [0, 1, ...,k]). Thus 4 can be inverted, so we can rewrite our system
of equations in terms of F=A"'nM" and F =nd"B~'M . This means the frequencies,

F, are a function of the moments M. Therefore the probabilities that generate those
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moments are unique and the moments are unique in the sense that any two designs with
the same moments M must have identical #° frequencies F.

Since word length pattern, or equivalently t?, is unsuccessful in distinguishing

many designs at n = 64 and larger, we are interested in creating a more discriminating
function from pairs of columns of . Let T 2P represent the set of n pairs of columns of

T for D where T2D = {(tID,tID),(tID’t;))s'"s(tlDat;;D)} .

Define G(TZD) = {g(tID:tID)’g(tID’tf):'"9g(t1D’tf)} 9 where g(tlD’tvD) =Zh(TrlTrv)
r=1

and h(x) =0 when x <0, and h(x) =x"" when x> 0. For example, consider the 23

regular design again. The P vector contains the values -3, -1, 1, and 5, with frequencies
1,4, 2, and 1, respectively. Figure 6.1 shows the four bivariate frequency distributions

that occur for the pairs of columns for 7. While the columns of T have identical

frequency distributions, the pairs of columns for T'do not. For the n pairs (¢, ;")
j=1,2,---,n, four possibilities occur with frequencies 1, 4, 2, and 1, respectively (see
Figure 6.1). Therefore, G(T2P)= {6.1511, 0.667, 4.4, 0.667, 0.667, 4.4, 0.667, 6.0} for

this design. We sort this set for our convenience in comparing designs so that G(T2")=
{0.667, 0.667, 0.667, 0.667,4.4,4.4,6.0,6.1511}.

We chose to define T2° above pairing each of the n columns of 7 with #”. We
now show that the set G(7'2°) is invariant to the choice of which column we fix.
Lemma 6.1: Forany i e (L,--,n), {g(t”,t]) j=1-,n} = {g(tf,t,’j’) j=1,---,n} where

(r,---,,) is a permutation of (1,---,n).
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(1,)) P.airs of Bivariate distribution: g(tl,t j‘?)
T matrix columns:

-3 -1 1 5] totals
311 1

a,n -1 4 4 =6.1511
1 2 2
5 1 1
totals | 1 4 2 1 8
-3 -1 1 5]totals
(1,2) -3 1 1

(1,4) 111 2 1 4 =0.667
(1,5) 1 2
1,7 5 1 1
totals | 1 4 2 1 8
-3 -1 5 | totals
-3 1 1

(1,3) -1 4 4 =44
(1,6) 111 1 2
5 1 1
totals | 1 4 1 8
-3 -1 1 5] totals
-3 1 1
(1,8) -1 4 4 =6.0

1 2 2
5|11 1
totals | 1 4 2 1 8

Figure 6.1: 25> T Matrix, Pairs of Columns
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Without loss of generality, assume x, is the treatment combination with all +1

levels. Then the element-wise product of x,x; = x,x, =x, for some r; € {1,---,n}.
Hence, Lemma 6.1. By this lemma, {g(t] ,tf ) j =1,---,n}is invariant to the choice of 7.
We defined T2° with i = 1.
Theorem 6.2: D, = D, = G(T2") = G(T2™)

Since D, = D2 , there exists {r,,---,7,} , a permutation of {l,---,n}, such that
T(D,) = RT(D,)R' where R is the permutatin matrix defined as R; =1 if j =7, and
zero otherwise. Then (t2,1]') = (Rt;* ,Rt;*) for j=(1,...,n). So
gt} 1) =g, tfj” ) forj=(1, ..., n), because the permutation matrix R does not
affect the computation of g(-) since we are summing the rows. Then by Lemma 6.1,
{g(t ,t,‘}) j=1,,n} =G(I2>) and so G(T2")=G(T2"). QED.

The set G(T'2°) uniquely identifies all regular resolution IV designs for n < 128.

At n =128, G(T2") uniquely identifies 296,958 of the 296,960 even/odd designs (it does
not uniquely identify 2 even/odd designs) which differ based on their delete-one-factor
projections. However, it does distinguish the two 2;;'® regular designs that are

commonly cited from Chen and Lin (1991) as an example of non-isomorphic designs
with common letter pattern matrices. See Section 11 for more comparisons with other

common criterion.
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7. Exhaustive Even/Odd Design Search Method

We now present a new method for finding minimum aberration designs using a
build up and delete-one-factor projection strategy. As noted previously, CSW were
unable to fully enumerate designs beyond k= 11 at n = 128, due to the enormous
computations required to perform their isomorphism checks. Our approach for regular
factorial designs attempts to take advantage of a simplified isomorphism check. Using
Conjecture 4.1 we replace the permutation check for isomorphism from Clark and Dean
and check the set of delete-one-factor projections for each design. We save only the
unique sets of delete-one-factor projections and the G(T'2°) set, thus determining our
non-isomorphic designs.

If Conjecture 4.1 is not true, then there could exist designs with non-equivalent T
matrices that have a common set of delete-one-factor projections. We differentiated
designs based on their delete-one-factor projections. We did not check G(T2%)
simultaneously with the delete-one-factor projections and therefore did not have the
occasion to find any designs with isomorphic delete-one-factor projections but different

sets of G(T'2”), which would provide a counter-example to Conjecture 4.1 for n = 128.

The approach is as follows: begin with all non-isomorphic resolution IV designs
with k factors. Consider all possible k + 1 factor designs obtained by adding a generator
to each k factor design. We then check the k + 1 delete-one-factor projections. If the k +
1 delete-one-factor projections for design D; are equal to the k + 1 one-factor projections
for D, then the designs are considered isomorphic by Conjecture 4.1; otherwise they are

non-isomorphic. This process can be repeated as we increase k by one factor at a time.
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Using this approach allowed us to complete an "exhaustive" search of even/odd designs

atn=128 for £ <40.
Another step to reduce the computational burden at n = 128 was the elimination of

the requirement to retain even designs past k = 22. This was possible for the following
reasons. Resolution IV 27 even/odd designs project to a set of k —m 2¢-(~)

even/odd designs and m isomorphic 2¢-¢even designs (by Lemma 2.1), where m is

defined as the multiplicity for the number of delete-one-factor projections from a
2%-? design that project to a 2¢™"-(*") even design.

We classify m into three cases: When m = 0, the set of k projections are all
2®-D-(r1) even/odd designs and by Lemma 4.2 we can determine 7(D). Whenm =1,
we use Conjecture 4.2, motivated by Corollary 4.1 and the set of k— 1 even/odd
2¢-D-(r-1) degions to determine D. The last case, when m > 1, is determined as follows:
We know k —m projections are 2¢™-(7") even/odd designs and m projections are
isomorphic 2¢"-(*~) even designs. Without loss of génerality, suppose D™ i=1---,m
are 29" even designs, and the remaining k —m projections are 2¢™-(*") even/odd
designs. Then G(T2" ™y, m,and D® (i >m) determine D (up to isomorphism). The
reason is as follows: forn= 8, 16, 32, and 64, we know that G(T'2”) uniquely
distinguishes all 2%, designs. For n =128, even 2, """ designs projected from
257 designs with m > 2 , permit us to distinguish D by G(T'2”) since the even
2%-D-(7-D designs can be written as the product array 2' x 2*77¢™ and so all are
uniquely distinguished by G(T2°).
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8. Resolution IV Designs of Size 128

We characterize the even/odd resolution IV design for n = 128 using five

criterion:

wlp (minimum aberration)

Maximum degrees of freedom used for main effects and two-factor interactions
Minimium Lp.x (the length of the longest two-factor interaction alias chain)
Maximum number of clear two-factor interactions

Minimum CD2 (the unique portion of the centered L2 discrepancy from Ma,

Fang, and Lin 2001).

The minimum aberration designs for k <40 at n = 128 are listed in Table 8.1 along with

the above criteria and their respective ranking. The complete alp is also provided for

each design. Appendix C contains a catalog of the best even/odd designs and their

rankings for k=8, ..., 40 with respect to our various criteria.

Our exhaustive search of even/odd designs found not only the minimum

aberration designs, but also a number of interesting results. All minimum aberration

designs from 10 < k <40 are even/odd designs. We found that the uniform centered

design criteria (Ma, Fang, and Lin 2001) is closely related to the word length pattern.

Our calculation of the minimum CD2* value agreed with the minimum aberration design

in all but four cases; in those cases, the minimum aberration value was the second

smallest CD2* value.
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No minimum aberration designs have any clear two-factor interactions beyond
k=23, although we found designs with clear two-factor interactions up to k = 33. We
know from Chen and Hedayat (1998) that designs with clear two-factor interactions exist

only if £ <nf4+1. In general, as the number of factors increases, the number of good

designs (based on word length pattern) with clear two-factor interactions decreases.

There exist 296,960 even/odd non-isomorphic resolution IV (or higher) designs
for n =128 (see Table 8.2). There are also 88 resolution IV sos designs, and all but one
of the sos designs are even/odd designs. We also now know that sos designs may have
the same word length patterns but different alp and may even share the same word length
pattern as other non-sos designs. For instance, consider the three designs at k = 33, where
the two sos designs 33-26.42b and 33-26.42¢ share identical word length patterns with
design 33-26.42a which is not an sos design. All three designs have different alias length
patterns.

We also found two notably good sos designs: k= 29, and k = 40. The design at k
=40 is well known and many of its projections lead to other minimum aberration
designs. The sos design at k = 29 has a remarkably smaller number of length-four words
than any other k = 29 design and several of the sos design's projections are also minimum
aberration designs. In particular, the minimum aberration designs can be found by
projecting from sos designs at k =29 or k= 40 for k=40, 39, ..., 26, 24, 16, 13, 11, 10,
and 9 (see Section 12).

It is interesting to note that for k < 40, the minimum aberration design word
length pattern for each & is indeed unique, which supports the conjecture that the word

length pattern is unique for minimum aberration resolution IV designs. In fact, only
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Table 8.2: Existence of Resolution v desigls

k # of even/odd # of even # of even/odd # of even

designs, designs, designs, designs,
n=64 n =64 n=128 n=128

7 2 2 - -
8 3 4 2 3
9 6 6 7 6
10 12 12 19 14
11 20 14 62 30
12 22 21 180 69
13 24 23 487 136
14 20 29 1,240 295
15 15 29 2,926 596
16 11 37 6,208 1,292
17 10 30 11,787 2,651
18 3 30 19,466 5,598
19 1 24 27,994 11,341
20 1 23 35,192 22,728
21 - 16 39,201 43,516
22 - 15 38,847 79,603
23 - 9 34,868 ?
24 - 8 28,133 ?
25 - 5 20,569 ?
26 - 4 13,498 ?
27 - 2 8,075 ?
28 - 2 4,284 ?
29 - 1 2,149 ?
30 - 1 976 ?
31 - 1 433 ?
32 - 1 197 ?
33 - - 101 ?
34 - - 31 ?
35 - - 13 ?
36 - - 8 ?
37 - - 3 ?
38 - - 2 ?
39 - - 1 ?
40 - - 1 ?
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at k=31, does one have to go beyond length-5 words in the defining relation to

differentiate minimum aberration designs from weak minimum aberration designs.

Finally, the L, results show that it is impossible to create an n = 384 Ya-design
(John 1962) for k > 20 from resolution IV fractions, since L. >3. Also many of the

better designs based on word length pattern are also ranked in the best designs according

to L_,,. For example, the top eight designs based upon word length pattern are also the

top eight ranked designs for L atk=18.
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9. Incomplete Enumeration of Designs Based on Word Length Pattern
As the size of n increases, more and more computer resources are required to fully
enumerate designs. The next two sections explore computationally simpler (imperfect)
isomorphism checks in order to evaluate their potential merit for n = 256 and beyond.
Butler developed an algorithm using a flawed isomorphic rule based on the
moments of the designs (word length pattern) that starts with a basic set of factors and
then adds one generator at a time to construct new designs. He describes his approach as
follows:
"The iterative algorithm uses all the designs with distinct wordlength patterns (or
equivalently, distinct T moments) for k factors and adds an extra factor to each to
form designs for k + 1 factors. Only designs with distinct wordlength patterns are
retained for the next stage of the algorithm. At each stage, the wordlength pattern
is determined from the elements of T. The algorithm does not recognize that on
rare occasions designs with the same wordlength pattern are not necessarily
isomorphic. However, a design for k factors can be formed from any of the k
projections involving k — 1 factors and so designs are highly unlikely to be lost
altogether." (Butler 2002b)
Using Butler's methodology, we were able to easily search for even/odd resolution IV
designs using Matlab version 6.5 on a Pentium III and IV computer.
Our program constructed a full factorial in seven basic factors for » = 128 runs

and then constructed a generator matrix of all possible generators (based on the 120
different interactions involving the basic columns). We then started with the seven basic
factors and added one generator at a time. We calculated ¢° for each design and retained
only one design for each distinct ¢” vector. This method does not distinguish between
non-isomorphic designs with identical design moments (word length patterns). In our
implementation, this method was successful in finding all minimum aberration designs

except at k= 24, where we found only the weak minimum aberration design. In general,

35




we lost about two percent of the word length patterns using this approach at n = 128 runs
(see Table 10.1). However, we only identified 20% of the even/odd designs that exist.
Thus having non-isomorphic designs with the same wlp is a very common occurrence at
n=128. For example, the word length pattern (0, 0, 0, 8, 34, 42, ...)at k=15, occurs for
four designs (see p. 106). Another word length pattern 0,0,0,21,0,80,...)at k=15,

occurs for 48 non-isomorphic designs.
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10. An Improved Imperfect Isomorphic Rule Approach

In an effort to find a more discriminating function than ¢° (or equivalently, wlp)
for our imperfect isomorphic rule approach to determining isomorphic designs, we turned
to the G(T'2°) vector. G(T2”) uniquely determined the same designs cataloged by Sun
(2001) and CSW (1993) for n =128 and k=8, 9, 10, 11 as well as all designs at n = 64.
Although we know that several non-isomorphic designs do have identical G(T 2P) sets,
this happened in only rare instances (see Table 10.1). This means that only those designs

with unique G(T2°) vectors are kept as we sequentially build up our designs. While
this method does miss some designs, the G(T'2”) vector is much more discriminating

than 7.

The empirical results at n = 128 show that the designs that were lost were not the
better designs in terms of word length pattern, and that although a few (57) non-
isomorphic designs were missed, other designs with identical word length pattern, alias
length pattern, and number of clear two-factor interaction effects were found.

Table 10.1 lists the number of even/odd designs found using several different
isomorphic checks for n =128 and k <40. We show the number of even/odd designs

found using the word length pattern as a simple but flawed isomorphic rule, and the
number of even/odd designs found using G(T'2”) as a flawed isomorphic rule. We also

show the complete enumeration of all even/odd designs and the number of unique word
length patterns that exist among the exhaustive list obtained based on delete-one-factor

projections. We also provide percentages of designs found using the different
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Table 10.1: Comparison of Methods for Finding Even/Odd Resolution IV' Designs

k #of e/o # of unique t° % found % found G@2°), % found
designs by eowlpby #ofe/lo  ofelo oftotal  #ofe/o  of total
projections  projections  designs  unique e/o designs e/o

found wlp designs found  designs

8 2 2 2 100 100 2 100

9 7 7 7 100 100 7 100

10 19 18 18 100 94.7 19 100

11 62 48 48 100 77.4 62 100

12 180 118 118 100 65.6 180 100

13 487 243 243 100 49.9 487 100

14 1,240 448 444 99.1 358 1,240 100

15 2,926 777 765 98.5 26.1 2,925 99.9

16 6,208 1,278 1,257 98.4 20.2 6,208 100

17 11,787 1,996 1,946 97.5 16.5 11,787 100

18 19,466 2,890 2,825 97.8 14.5 19,466 100

19 27,994 4,051 3,937 97.2 14.1 27,993 99.9

20 35,192 5,211 5,109 98 14.5 35,192 100
21 39,201 6,237 6,086 97.6 15.5 39,201 100
22 38,847 6,546 6,422 98.1 16.5 38,847 100
23 34,868 6,361 6,226 97.9 17.8 34,868 100
24 28,133 5,656 5,578 98.6 19.8 28,133 100
25 20,569 4,709 4,629 98.3 22.5 20,569 100
26 13,498 3,575 3,516 98.4 26.0 13,498 100
27 8,075 2,611 2,547 97.5 31.5 8,075 100
28 4,284 1,720 1,691 98.3 39.5 4,284 100
29 2,149 1,119 1,099 98.2 51.1 2,149 100
30 976 632 620 98.1 63.5 976 100
31 433 340 332 97.6 76.7 433 100
32 197 177 175 98.9 88.8 197 100
33 101 90 90 100 89.1 101 100
34 31 30 30 100 96.8 31 100
35 13 13 13 100 100 13 100
36 8 8 8 100 100 8 100
37 3 3 3 100 100 3 100
38 2 2 2 100 100 2 100
39 1 1 1 100 100 1 100
40 1 1 1 100 100 1 100
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approaches. In no cases did the sets of delete-one-factor projections fail to distinguish

designs with different t° or G(T'2°).
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11. Interesting Designs of Size 128
While letter pattern and G(7'2”) are more discriminating than wlp, neither is
universally more successful. For example, at k = 11 we found non-isomorphic designs

with distinct G(T2°) values and identical letter pattern matrices, while at k = 15 we

found non-isomorphic designs with identical G(T'2°) (and identical bivariate
distributions) but distinct letter pattern matrices.

During the exhaustive search for designs, a number of interesting designs were
encountered in trying to determine non-isomorphic designs. We describe four problem
cases of interest. Below is a sample of some of the designs encountered along with a
short description of the designs and their properties.

Problem Case 1:

The first case occurs at k= 11. Let pclla, pcl1b, and pcllc represent the three
problem designs. All three even/odd designs have the same word length pattern and the
same alias length pattern. The first design, pc11a, has a different letter pattern matrix

than pc11b and pcllc. The other two designs, pcl1b and pellc, have identical letter
pattern matrices. All three designs have unique G(T2°) values. Table 11.1 lists the

generators for these designs.

Table 11.1: k=11, n =128 Problem Designs

Design  Generators

pclla 7 25 43116
pcllb 7 45 56 91
~pcllc 7 56 77 91
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Problem Case 2:

The second case occurs at k= 15. These even/odd designs have identical
G(T'2") values, identical word length patterns, and identical alias length patterns.

However, the letter pattern matrix for each design is different. Table 11.2 lists the

generators for these designs.

Problem Case 3:

The third case occurs at k= 16. There are 18 pairs of designs that have various
G(T2P) values. Each pair of designs also have identical word length patterns and

identical letter pattern matrices respectively. The designs do have different alias length
patterns. The first four designs listed below are even/odd designs (al through b2) and the

remaining designs are even. Table 11.3 lists the generators for these designs.

Table 11.2: k=15, n =128 Problem Designs

Design  Generators

pcl5a 7 11 19 38 59 73 100 120
pcl5b 7 11 19 38 62 73 97 120
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Table 11.3: k=16, n = 128 Problem Designs

Design _ Generators

pcléal 7 11 19 41 52 61 74 101 120
pcl6a2 7 11 19 35 61 62 73 85 120
pclébl 7 11 21 38 57 73 82 93 120
pcléb2 7 11 19 38 57 73 84 93 120
pclécl 7 11 21 26 31 112 121 122 124
peléc2 7 11 21 25 31 112 121 122 124
pclédl 7 25 42 55 79 112 121 122 124
pel6d2 7 25 31 42 52 112 121 122 124
pcléel 7 11 21 26 52 84 121 122 124
pclée2 7 25 26 47 79 112 121 122 124
pcl6fl 7 13 21 104 110112 118 121 122
pcl6f2 7 11 13 19 100103 121 122 124
pclégl 7 13 28 35 62 104 112 121 122
pclég2 7 19 28 41 79 112 121 122 124
pcléhl 7 13 28 38 59 104 112 121 122
pcl6éh2 7 19 31 41 79 112 121 122 124
peléil 7 13 38 61 91 104 112 121 122
pel6i2 7 13 22 38 59 104 112 121 122
pcléjl 7 13 44 55 104 110 112 121 122
pcl62 7 13 38 59 61 104 112 121 122
pclékl 7 13 44 79 104 110 112 121 122
pclék2 7 13 38 59 91 104 112 121 122
pcléll 7 38 61 69 94 104 112 121 122
pclél2 7 13 22 59 91 104 112 121 122
pcléml 7 13 22 44 49 62 112 121 122
pclém2 7 13 44 59 91 104 112 121 122
pclénl 7 13 22 44 49 82 112 121 122
pclén2 7 13 44 55 59 104 112 121 122
pcléol 7 19 28 35 61 76 112 121 122
pcléo2 7 28 38 47 61 104 112 121 122
pclépl 7 21 25 47 55 84 112 121 122
pclép2 7 28 38 47 59 104 112 121 122
pcléql 7 11 19 38 44 52 100 121 122
pclégq2 7 13 21 38 59 104 112 121 122
pcléerl 7 11 19 38 44 100 103 121 122
pelér2 7 13 21 59 91 104 112 121 122

42




Problem Case 4:

The fourth case occurs at k= 19. The following two pairs of designs have
identical G(T'2") values, word length pattern, alias length pattern, and letter pattern

matrices respectively. They are only distinguished by their sets of delete-one-factor
projections. The first pair (pc19al and pc19a2) are even designs, the second pair are

even/odd designs. Table 11.4 lists the generators for these designs.

Table 11.4: k=19, n =128 Problem Designs

Design  Generators

pcl9al 7 13 22 44 49 62 91 98 112 118 121 122
pcl9a2 7 13 22 44 49 62 91 98 112 121 122 124
pcl9bl 7 11 25 31 35 50 85 104 112 121 122 124
pcl9b2 7 11 25 31 35 50 86 104 112 121 122 124
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12. Finding Good Designs Using Naive Projections

As noted previously, the difficulty of finding minimum aberration designs (and
other good designs) increases as n becomes larger. Examining the case of n = 64
suggests that sequentially eliminating factors to minimize the number of length four
words in the resulting design (ties broken by the minimization of length-five words, then
length-six words, etc.) from a relatively few sos designs present a few design arrays from
which good (minimum aberration) designs are found. This method will be referred to as
the naive projection approach.

Table 12.1 lists the number of length-four words (w4) for minimum aberration
designs and for the naive projections from each of the eight even/odd sos designs for n =
64. The naive projections that result in the minimum aberration design are marked with

"*", while those projections resulting in a weak minimum aberration design are marked

with "**",

Table 12.1: Number of Length-Four Words for SOS Naive Projections, n = 64

k MA 50520 sos18  sos17b  sos17d _ sosl7e  sosl7g sos17j sos13
20 125 125*

19 100 100*

18 78 78* 92

17 59 59* 68 60 65 68 73 105

16 43 43* 49 45 45 49 53 77

15 30 30* 34 33 33 33 37 55

14 22 22% 22%* 23 23 23 24 38

13 14 15 14* 15 15 15 16 25 14**
12 6 9 8 10 10 10 10 15 6*
11 4 5 4* 6 6 6 5 9 4*
10 2 2* 2* 3 3 3 3 5 2%
9 1 1* 1* 1* 1* 1* 1* 2 1*
8 0,2 0* 0* 0* 0* 0* 0* 0* 0*

* = minimum aberration; ** = weak minimum aberration
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It is interesting to note that the 20-factor sos design projects to the minimum
aberration design for k=14, 15, ..., 20 (and also 8, 9, and 10); the 13-factor sos design is
weak minimum aberration at k = 13, and its naive projections are minimum aberration for
k=8,9, ..., 12. The weak minimum aberration sos design at k£ = 13 has 36 clear two-
factor interactions, 16 more than the minimum aberration design and is arguably
preferred over the minimum aberration design due to the more clear two-factor
interactions.

Since sequential projection from just two n = 64 run designs provide attractive
designs for all k=8, 9, ..., 20, we list these two sos designs in Table 12.2, arranging the
design columns so that one only needs to include the number of generators that
correspond to the desired number of factors. For instance, for the minimum aberration
18-factor design, simply omit the last two columns of the 20-factor design. The 20-14.a
sos design is recommended for k= 14, ..., 20 and the 13-7.b design fork=8, ..., 13.
These designs and their embedded projections are the minimum aberration or most

preferred designs available for every k €[8,20]. Figures 12.1 and 12.2 show the aliasing

of two-factor interactions for these two sos designs, with generators as specified in Table
12.2. By arranging into columns the interactions in these tables, we conveniently and
compactly present the aliasing for each of the embedded designs. These tables enable a
practitioner to visualize the additional confusion regarding two-factor interactions that
result from adding, e.g., two or three more factors to a 10-factor design.

SOS designs represent a small fraction of all possible resolution IV designs and
yet they project to all remaining resolution IV designs. Thus from this subset one can

project to all minimum aberration and other good designs. Complete enumeration of

45




Table 12.2: Generators for SOS Embedded Projection Designs of Size 64

Design _ Generators for Factors 7-20 (identified by Yates column number)

20-14a 31 39 43 61 49 54 13 21 14 19 25 28 44 58
13-7b 31 39 43 61 51 62 28

Design 13-7.b Generators (Yates column number)

31 39 43 61 51 62 28

Singularity Details (All interactions not listed are clear for designs with k<13)

k: 7 8 9 10 11 12 13
3#g= 449= 5*11

6*7 = 2*10= 1*12
4*8= 3*9= 11*13
34 = 8*9 = 5413
2%7 = 6*10= 1%13
246 = 7%10= 12*13
58 = 3*11= 9*13
5*9 = 4*11= 8*13
3*5= 811 = 4*13
45 = 9¥11 = 3*13
1*10 = 2*12= 6*13
1%7= 6*12= 2*13
1*6 = 7#12 = 10%13
1*2 = 10%12 = 7%13

Figure 12.1: Design 13-7.b Generators and Aliasing for Embedded Projections
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Design 20-14.a Generators (Yates column number)

31 39 43 61 49 54 13 21 14 19 25 28 44 58
Singularity Details 14 15 16 17 18 19 20
1*5 =6*11=8*12= 3*14= 7*15= 2*16= 4*17= 13*18= 10*19= 9*20
2*7=6*10=9*12=5*13=  4*14= 15%16= 3*17= 1*18= 11*19= 8%20
3*4=8*9=10*11=1*13 = 2*¥15= T7*16=14*17= 5*18= 6*19= 12%20
6*8=11*12= 9*19 = 10*20
6*9 =10*12= 8*19= 11*20
8*10=9*11= 12¥19=6*20
1*9 =8*13 = 12*18 = 5%20
5*§=1*12 = 9*18= 13*20
5¥9=12*13 = 8*18 = 1*20
3*8 =4*9 = 12*%14 = - 17*20
4*12 = 9*14 = 8*17 = 3*%20
3*9 =4*¥8 = 12*%17 = 14*20
7*8 = 12*15= 9*16= 2*20
7*¥9 =2%12 = 8*16 = 15*%20
2*¥8 = 9*15= 12*16= 7%20
2¥9 =T7*12= 8*15= 16*20
9*10=8*11=6*12 = 19*%20
1*8 =5*12=9*13 = 18%20
3*12 = 8*14 = 9*17 = 4*20
3*6 = 11*14 = 10*%17 = 4*19

3*10 =4*11= 6*17 = 14*19

4*6 = 10*14 = 11¥17 = 3*19
4*10= 3*11 = 6*14 = 17*19

7*11 = 6*15= 10*16= ‘ 2*19

1¥6 =5*11= 10*18=  13*19

1*10 =11*13= 6*18 = 5*19
5*10=6*13 = 11*18 = 1*19
5*6=1*11 =10*13 = 18*19
2¥6=7*10= 11*16= 15*%19
6*¥7=2%10 = 11*15= 16*19

2¥11 = 10¥15= 6*16= 7*19

1*2 = 13*15= 5*16= 7*18

1*¥7 = 5*¥15=13*16= 2*18

1*3 =4*13 = 5*%14= 17*18

1*4 =3*13 = 5*¥17= 14*18

3*5= 1*14 = 13*17= 4*18

4*5 = 13*14 = 1*17= 3*18

5¥7=2*13= 1*15 = 16*18

2¥5=7*13= 1*16 = 15*18

3*7 = 14*15= 4*16= 2*17

2*3 = 4*15=14*16= 7*17

2%4 = 7*14= 3*15= 16*17

4*7 = 2*14 = 3*16 = 15*17

Figure 12.2: Design 20-14.a Generators and Aliasing for Embedded Projections
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these projections is prohibitive for large n. However, we have found that naive
projections from sos designs at n = 64 and n = 128 identify the best resolution IV designs.
It is known from projective geometry that for n = 16, 32, 64, ..., 508 designs exist

at k=n/4 + 1 (Cheng 2002). Furthermore any sos design D with k factors, and 7 runs

D
can be doubled by the construction method l: D] to produce a sos design of size 2k

factors and 2» runs (Cheng 2002). For k> n/4 + 1, all sos designs are doubled sos
designs. To construct sos designs for k = n/4 + 1, see Cheng (2003). Unfortunately,
these designs only represent a small fraction of the total sos designs that exist for any
given n.

Complementing Cheng’s theoretical results, we have determined for 7 = 128 that
there exist 88 resolution IV sos designs, 50 with k > n/4 +1, and 38 with k < n/4. Figure
12.3 summarizes these findings. Naive projections of these sos designs lead to minimum
aberration designs. Table 12.3 lists the length four words resulting from the naive
projections for k =24, 22, and 21 sos designs. Table 12.4 lists the naive projections for
the k= 25 sos designs. Table 12.5 lists the naive projections for k = 29, 28, 27, and 26
sos designs. Table 12.6 lists the naive projections for the top ten sos designs at k = 33.
Table 12.7 lists the naive projections for k = 40, 36, 34, and 31 sos designs.

We have found 88 sos designs at 14 different values of k at n = 128. Four of these
sos designs are the minimum aberration design; this occurs at k = 25,29, 40, and 64. Itis
interesting to note that even some of the less desirable (in terms of wlp) sos designs often
project to minimum aberration designs and other good designs. For instance, at k = 28,

the sos design 28-21.1157 (ranked number 1157 in terms of wlp) naively projects to the
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n=8 n=16 n=32 n=64 n=128 k/n
k=4 k=8 k=16 k=32 k=64 172
k= S(tes. v k=10 k=20 k=40 5/16

k=18 k=36 9/32

k= 34(5 types) 17/64
k= 33(42 types) 33/128
65/256

Note: All sos designs
below the dashed line are
even/odd designs. k=31
k=29
k=28
k=27
k=13 k=26 p38designs
k=25
k=24
k=22
k=21

Figure 12.3: Existence of SOS Designs
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Table 12.7: k = 40, 36, 34, and 31 SOS Designs Naive Projections Length-4 Words
(Ws,...), n =128

K MA s0s40 so0s36 sos34a sos34b sos34c sos34d sos3de sos3la sos3lb
40 1190 1190*

39 1071  1071*

38 959 959*

37 854 854*

36 756 756* 889

35 665 665* 776

34 589 589* 674 616 656 680 720 976

33 518 518* 582 540 560 588 624 848

32 452 452* 499 471 480 503 537 733

31 391 391* 426 408 417 432 458 630 410 439
30 335 335* 360 350 359 366 391 538 345 371
29 266 289 302 300 306 312 330 456 287 310
28 210 248 254 254 261 262 276 384 238 259
27 180 210 213 214 219 222 231 321 195 213
26 152 175 177 177 183 185 190 265 161 176
25 124 145 145 145 150 154 155 217 130 143
24 102 121 117 116 121 126 126 176 105 117
23 83 99 94 95 96 101 100 140 86 94
22 65 79 73 76 78 81 77 109 68 74
21 51 61 59 59 62 63 61 85 55 56
20 36 45 47 44 47 50 48 64 43 44
19 27 36 36 31 36 38 36 46 32 33
18 20 28 27 20* 26 28 26 34 23 24
17 15 21 20 15% 18 20 19 24 16 17
16 10 15 14 11 11 13 13 16 11 11
15 7 10 10 7* 7* 8 9 11 T** T**
14 3 6 6 3* 3* 5 6 7 4 4
13 2 4 3 2%* 2%* 2% 3 4 2% 2%
12 l 2 1** 1** 1** 1** 1** 2 1* 1*
11 0,6 1 0* 0* 0* 0* 0* 1 0* 0*
10 0,3 0* 0* 0* 0* 0* 0* 0* 0* 0*
9 0,0,3 0* 0* 0* 0* 0* 0* 0* 0* 0*
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minimum aberration design for k = 20, 19, and 15; and the weak minimum aberration

design for k=18 and 17.
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13. Preliminary Results for Resolution IV Designs of Size 256

While identifying almost 300,000 even/odd designs at n = 128 was challenging,
this pales with the challenge of exhaustively enumerating all designs for n = 256 due to
the great number of designs. For example, while only 88 sos designs exist at n = 128, we
have found over 34,000 sos designs in random searches at n = 256 (See Table 13.1).

To aid in finding good designs, we implemented a method that combined some of
our more successful sttategies for finding good designs at n = 64 and n = 128. Our search
at n =256 used two basic approaches. The first approach consists of a random search for
sos designs by starting with a design whose columns formed a full factorial and then
randomly adding generators to available columns one at a time until an sos design is
discovered (stopping if k > 65 since all 50 sos designs in this range are already known).
Then from these sos designs, we find good designs from the sos designs by naive
projection. The second approach was to find new designs by sequentially building up a
factor at a time using ¢° as a flawed isomorphic rule to check for isomorphism and
retaining the top 2,000 designs from each sequential search and building up from those

2,000 designs.

Table 13.1: Number of Regular Resolution IV' designs
n #ofeven/oddsos # of even/odd # of even # of even sos

designs designs designs designs
16 1 1 4 1
32 2 5 20 1
64 8 150 349 1
128 87 >296,960 >10° 1
256 > 34,015 ? ? 1
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For naive projection from sos designs approach, there are at least three ways to
find sos designs:
e Double the sos designs at n =128
e Random addition of eligible columns until an sos design is found
e Find good designs using software for fixed & and then build up to an sos
design

For the sequential buildup technique the issue of which subset of designs to retain
at each step is critical. For instance, if only the top 1,000 designs are retained at each
buildup step for n = 256, then all the designs buildup to sos designs with k£ <40. Future
work will explore this issue.

From Franklin (1984) we know the minimum aberration values for designs with
up to k= 17 factors for n=256. We also know that as early as k=11, we will lose some
designs using ¢ as a flawed isomorphic rule. However, we still find all the known
minimum aberration designs. At k=17, we found 33,142 resolution IV designs with
different t°. Of those, 32,126 are even/odd designs. The 1,016 even designs will
continue to grow in number, approximately doubling at each factor until they reach k=
64. Based upon our results as n = 128, we would expect the number of even/odd designs
to increase for each factor until & = 44, and then gradually decline at each factor until k=

80. (See Table 13.2).
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Table 13.2: Existence of Regular Resolution IV designs

k #of # of even # of #ofeven #ofe/odesigns # even designs
even/odd  designs, even/odd  designs, based on based on
designs, n =64 designs, n=128 t° 162 t® /62",
n=64 n=128 n =256 n =256
7 2 2 - - - -
8 3 4 2 3 - -
9 6 6 7 6 3/3 3/3
10 12 12 19 14 12/12 9/9
11 20 14 62 30 44 /50 17/24
12 22 21 180 69 153 /231 44 /80
13 24 23 487 136 536/1,188 897241
14 20 29 1,240 295 1,690/ 6,505 176/ 839
15 15 29 2,926 596 4,668 / 54,269 312/3,467
16 11 37 6,208 1,292 12,598/ ? 564/ ?
17 10 30 11,787 2,651 32,126/ ? 1,016/ ?
18 3 30 19,466 5,598 ? ?
24 27,994 11,341 ? ?
23 35,192 22,728 ? ?
16 39,201 43,516 ? ?
15 38,847 79,603 ? ?
9 34,868 ? ? ?
8 28,133 ? ? ?
5 20,569 ? ? ?
4 13,498 ? ? ?
2 8,075 ? ? ?
2 4,284 ? ? ?
1 2,149 ? ? ?
1 976 ? ? ?
1 433 ? ? ?
1 197 ? ? ?
- 101 ? ? ?
- 31 ? ? ?
- 13 ? ? ?
- 8 ? ? ?
- 3 ? ? ?
- 2 ? ? ?
- 1 ? ? ?
- 1 ? ? ?
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The sheer number of designs that exist at larger n shows the value of the naive
projection method. We are able to rather efficiently evaluate the naive projections of sos
designs at n =256. Table 13.3 below shows the best designs found (based on wlp) for
each respective k, and the corresponding alp, number of degrees of freedom used for
main effects and two-factor interactions, the number of clear two-factors, and Lmax for
each design. The Yates ordered columns for those designs are listed in Table 134.

We have found over 34,015 sos designs at n = 256. The sos designs found occur
atk=33, ..., 66, 68, 72, 80, and 128 at n = 256. Future work will involve improving
methods of finding good sos designs.

Additional future work will involve looking at ways to refining the naive
projection method to possibly including additional projections. It is no surprise that
empirical evidence at n = 128 demonstrated at times the second best (or worse) projection
for one design, could eventually lead to a better design a few proj ections later. Consider

the even/odd 2% design. The naive projections based on minimizing t? leadto a

different design at &' = 16 than if the criteria looked at only minimizing the length-4 and
length-5 words with ties broken arbitrarily. The hope would be to find a method to
identify which small set of projections lead to good designs. We would want as small a
set of projections as possible that lead to good designs to avoid the combinatorial

problem of having to look at all possible combinations of projections.
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14. Conclusions

This dissertation has introduced the alp which provides another useful
characterization of designs. The alp of a design contains the number of clear two-factor
interactions, the number of degrees of freedom used for main effects and two-factor
interactions, and lists the length of the largest set of aliased two-factor interactions. The
alp can be used to calculate the number of length-four words, and is helpful in
differentiating designs.

We have also studied projections of designs. We now know that all regular
resolution IV designs have at least one sos parent. We know an examination of
projections from all the sos designs will result in a complete set of regular resolution IV
designs. We have introduced a method to find good designs using naive projections from
sos designs instead of an exhaustive search.

We have examined some of the properties of the T matrix and demonstrated its
usefulness in searching for good designs. We have found the minimum aberration
designs for n = 128 based upon our isomorphic conjecture. We list not only these designs
and their properties, but provide a catalog of designs with respect to word length pattern,
degrees of freedom used, clear two-factor interactions, and minimizing the length of the
longest set of aliased two-factor interactions.

We know that the naive projections from sos designs leads to all the minimum
aberration values for n = 32, 64, and 128. We know that the number of regular resolution
IV designs increases at a rate that makes exhaustive searches infeasible beyond n = 128
using current technology. We know that projections from the doubled sos design at

k = (5/16)n results in excellent (and very often minimum aberration) designs. We
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provide a number of interesting designs at n = 128 that are alike in several (sometimes
all) characterization criteria, yet non-isomorphic.

Finally, we have found over 34,015 sos designs for n = 256. We show how the
magnitude of the number of designs increases with larger n. We use naive projections

and build up using the best 2,000 designs to provide a preliminary table of the best

designs at n = 256.

68




References

69




Box, G. E. P., and Hunter, J. S. (1961), "The 2P Fractional Factorial Designs."
Technometrics, 3,311-351, 449-458.

Butler, N. A. (2003), "Some theory for constructing minimum aberration fractional
factorial designs." Biometrika, 90, 233-238.

Butler, N. A. (2002a), "Classification of Efficient Two-Level Fractional Factorial
Designs." Submitted.

Butler, N. A. (2002b), Private communication. October 2002.

Chen, H., and Hedayat, A. S. (1998), "2"™ designs with resolution III or IV containing
clear two-factor interactions." Journal of Statistical Planning and Inference, 75,
147-158.

Chen, J. and Lin, D. K. J. (1991), "On the identity relationships of 2*? designs." Journal
of Statistical Planning and Inference, 28, 95-98.

Chen, J., Sun, D.X., and Wu, C.F.J. (1993). "A Catalogue of Two-level and Three-level
Fractional Factorial Designs with Small Runs," International Statistical Review,
61, 131-145.

Cheng, C. S. (2003), Presentation, Spring Research Conference, Dayton, Ohio.

Cheng, C. S. (2002), Private communication. Design and Analysis of Experiments I

Conference, Vancouver, Canada.

Clark, J. B. and Dean, A. M. (2001),"Equivalence of Fractional Factorial Designs."”
Statistica Sinica, 11, 537-547.

Draper, N. R., and Mitchell, T. J. (1970), "Construction of a set of 512-Run Designs of
Resolution > 5 and a Set of Even 1024-Run Designs of Resolution > 6." Annals
of Mathematical Statistics, 41, 876-887.

70




Draper N. R., and Mitchell, T. J. (1968), "Construction of a set of 256-Run Designs of
Resolution > 5 and a Set of Even 512-Run Designs of Resolution > 6 with
Special Reference to the Unique Saturated Designs." Annals of Mathematical
Statistics, 39, 246-255.

Draper N. R., and Mitchell, T. J. (1967), "The Construction of Saturated 2% Designs."

Annals of Mathematical Statistics, 38, 1110-1126.

Eves, H. (1966). Elementary Matrix Theory. Allyn and Bacon, Boston.

Franklin, M. F. (1984). "Constructing Tables of Minimum Aberration p"™ Designs."
Technometrics, 26, 225-232.

Fries, A., and Hunter, W.G. (1980), "Minimum Aberration 2XP Designs." Technometrics,
22, 601- 608.

Hedayat, A.S., Sloane, N. J. A., and Stufken, J. (1999), Orthogonal Arrays: theory and
applications. Springer Publishers, New York.

John, P. W. M. (1962), "Three-quarter replicates of 2" designs" Biometrics, 18, 172-184.

Li, H. and Mee, R.W. (2002), "Better Foldover Fractions for Resolution III kP Designs,"
Technometrics, 44, 278-283.

Ma, C. X., Fang, K. T., and Lin, D. K. J. (2001), "On the Isomorphism of Fractional
Factorial Designs." Journal of Complexity, 17, 86-97.

Miller, A. (1997), "Strip-Plot Configurations of Fractional Factorials", Technometrics,
39, 153-161.

Montgomery, D.C. (2001). Design and Analysis of Experiments, 5" ed., Wiley, NY.

SAS (1999), SAS/QC User's Guide, Release 8, Cary, NC: SAS Institute, Inc.

Sun, D. X. (2001), Private communication. Catalog of n =64, 128 two-level designs.
71




Sun, D. X, Li, W., and Ye, K. Q. (2002), "An Algorithm for Sequentially Constructing
Non-Isomorphic Orthogonal Designs and its Applications." Preprint, SUNY-
AMS-02-13, 1-27.

Wu, C.F. J., and Hamada, M. (2000), Experiments, Planning, Analysis, and Parameter

Design Optimization. Wiley & Sons, New York.

72




Appendices

73




Appendix A: Yates Column Order Design Matrix
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Yates Column Order Generator Matrix, For r > 129,..
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Yates Column Order Generator Matrix (Continued), For r > 129,.
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Appendix B: Catalog of Even/Odd Resolution IV Design for » = 64
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Vita

Robert M. Block is a 1987 National Merit Scholar. He graduated with Military
Distinction from the United States Air Force Academy with a Bachelor of Science in
Operations Research. He earned a Master of Science in Operations Research from the
Industrial and Systems Engineering College at Georgia Tech. He received his Doctorate
in Business Administration with a concentration in Statistics from the University of
Tennessee, Knoxville.

Rob has experience as a Logistics Operations Research Analyst, and as a
Financial Analyst. He has worked as a Logistics Research Analyst for Air Force Materiel
Command Headquarters in Dayton, Ohio, as the Chief of Financial Analysis for the 39
Wing, Incirlik AB, Turkey, and as an Assistant Professor and Course Director in the
Math Department at the United States Air Force Academy. He has been a command
briefer for Air Force Materiel Command, and a Technical Editor for the Air Force
Scientific Advisory Board.

Rob is a Distinguished Graduate from the Air Force Financial Management
(Analysis) Officer Course, a Chief of Staff Award Winner at Squadron Officer School,
and was named the 1997 USAFE Financial Analysis Officer of the Year. He was
awarded the 1998 Distinguished Performance in Budgeting from the American Society of
Military Comptrollers. He was honored as the 1999 Company Grade Officer of the Year
for the Academy Math Department. He has also received the University of Tennessee's
2003 Provost award for Extraordinary Professional Promise. He has been awarded the

Air Force Meritorious Service Medal with two oak leaf clusters.
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